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Abstract. We pursue the idea of assessing chiral restoration via in-medium modifica- 
tions of hadronic spectral functions of chiral partners. The usefulness of sum rules in this 
endeavor is illustrated, focusing on the vector/axial-vector channel. We first present an 
' update on constructing quantitative results for pertinent vacuum spectral functions. These 

Q_) _ spectral functions serve as a basis upon which the in-medium spectral functions can be 

■ constructed. A striking feature of our analysis of the vacuum spectral functions is the need 

to include excited resonances, dictated by satisfying the Weinberg-type sum rules. This in- 
cludes excited states in froth the vector and axial-vector channels. Preliminary results for 
the finite temperature vector spectral function are presented. Based on a p spectral func- 
, <""| tion tested in dilepton data which develops a shoulder at low energies, we find that the p' 

peak flattens off. The flattening may be a sign of chiral restoration, though a study of the 

JL . finite temperature axial- vector spectral function remains to be carried out. 

5-1-1 
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1 Introduction 

It is a long-standing problem in nuclear physics to observe chiral symmetry restoration in QCD matter. 
Lattice QCD computations of order parameters of the chiral transition, most notably the quark conden- 
sate, find the latter to vanish at high temperature indicative of chiral restoration HI 121 . Unfortunately, 
the quark condensate cannot be directly measured in experiment. Therefore, one must rely on other 
more indirect methods to observe chiral symmetry restoration. 

A characteristic property of hadronic resonances are their spectral functions. In vacuum, reso- 
nances give rise to peak-like structures which are usually well described by a Breit-Wigner form. In 
medium, the hadronic states interact with the heat-bath particles inducing substantial changes of the 
peak-like structures in the spectral functions 0. Since chiral restoration is a consequence of inter- 
actions with the medium, by studying the medium modifications of the spectral functions, one hopes 
to deduce signatures of chiral restoration. Yet, this raises several questions, for example: What type 
of medium modifications are expected from chiral symmetry restoration? Do different hadronic chan- 
nels share generic features when approaching chiral restoration, or must we look at a large number 
of different resonances to gleam chiral restoration? Sum rules provide some of the answers to these 
questions. 

Sum rules, in general, relate the spectral functions via a dispersion relation to low-energy conden- 
sates, including the quark condensate among others. The spectral medium modifications expected at 
finite temperature are then encoded in the sum rules by changes in the condensates. Therefore, if one 
knows the in-medium spectral functions, from either experiment or theory, one can make predictions 
on the properties of the condensates, or visa versa. We will focus on two classes of sum rules here, 
QCD sum rules and Weinberg-type sum rules. 
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QCD sum rules were first introduced in Refs. [4 5 1 by relating the spectral function in a particular 
hadronic channel to an operator product expansion (OPE) containing all operators relevant for that 
channel (usually truncated in a series of inverse momentum transfer). The QCD sum rule is the most 
general relation of a spectral function to the OPE for a single hadronic channel, including both chirally 
symmetric and chirally breaking operators. Therefore, the medium modifications of the spectral func- 
tion are driven by both types of operators. This introduces the problem that if one observes medium 
modifications of the spectral function, one cannot attribute these solely to chiral restoration. Thus, 
chiral restoration cannot be deduced by examining medium modifications of a spectral function in a 
single channel. However, if one considers hadronic states which are chiral partners, then the effects 
of the chirally symmetric operators can be canceled out so that only the chirally breaking operators 
survive. Therefore, to study and observe chiral symmetry restoration one is compelled to study the 
medium modifications of chiral partners. 

The appropriate set of sum rules to study chiral partners are Weinberg-type sum rules. They refer 
to a set of sum rules which relate the difference of spectral function of two chiral partners to chirally 
breaking operators. They were developed by Weinberg |6| using current algebra relating the isovector 
vector and axial-vector channels. Subsequently, other sum rules of similar form have been consid- 
ered [7 8 1, including extensions to chiral partners other than vector and axial-vector light mesons |9|. 
The Weinberg-type sum rules have also been extended into the medium 1 8 1 . Thereby, the medium 
modification of the spectral functions of the chiral partners can be related to chiral-breaking operators. 

The pair of chiral partners that has been studied the most are the isovector vector and axial-vector 
light mesons, i.e., the p- and a\ -meson channels. The spectral functions for both channels have been ac- 
curately measured below s = 3GeV 2 by ALEPH [ 10 1 and OPAL IfTTl via t decays into an even and odd 
number of pions. Dilepton data from heavy-ion collisions provide information about the in-medium 
p spectral function 112I13L while the in-medium axial-vector spectral function has not been experi- 
mentally studied. Until that time, we are left to construct models of the axial-vector spectral function 
to study its medium modifications. Sum rules can provide an important guide in these constructions. 
In such a set-up, rather than inferring the condensates from the spectral functions, one can use the 
temperature dependence of the condensates, as computed, e.g., in thermal lattice QCD, as an input to 
determine the spectral functions. In order to accurately constrain the features of the spectral function 
which are similar and those which are dissimilar between the vector and axial-vector channels, froth 
QCD and Weinberg-type sum rules should be considered. 

Several aspects of the idea of using sum rules and the known behavior of condensates in medium to 
ascertain properties of the in-medium spectral functions has thus far been addressed (see, e.g., Part II, 
Sec. 2 of Ref. Q for a review), both at finite density or at finite temperature; we here focus on the latter. 
Among the differences between the previous studies are the ansatze adopted for the spectral functions. 
While the high-energy part of the spectral functions has been routinely implemented by a continuum 
with a sharp threshold onset, the modeling of the low-energy resonance part has significantly evolved. 
Early works used a delta function to represent the ground-state resonance, while later on more realistic 
spectral Breit-Wigner spectral functions have been employed. In the medium, most of the previous 
works used QCD sum rules while few evaluated the Weinberg-type sum rules. Despite the wide range 
of ansatze, a few general trends have been established. The strength of the ground-state resonance, 
either the p or a\, tends to lower energies, either through a decreasing peak position or increasing 
peak width (when included), or both. Furthermore, the energy associated with the threshold of the 
continuum also tends to shift to lower energies. In some studies, these trends were more pronounced 
than in others. 

We intend to examine chiral symmetry restoration by ultimately studying medium modifications 
of spectral functions for the vector and axial-vector channels using experimental data (when available) 
combined withe QCD and Weinberg-type sum rules. The starting point must be a realistic description 
in the vacuum, where spectral functions can be quantitatively constrained using the r-decay data from 
ALEPH and further tested by Weinberg-type sum rules. The constructed spectral functions can then 
be used along with the QCD sum rules to determine viable vacuum values of the condensates. These 
results were presented in Ref. lfT4ll and will be summarized below. These vacuum spectral functions 
serve as a basis for studying medium modifications at finite temperature. This investigation first ad- 
dresses the construction of finite-temperature spectral functions in the vector channel using the QCD 
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sum rules as a constraint. Future work will be devoted to the construction of the axial-vector spectral 
function at finite temperature such that they satisfy both the QCD and the Weinberg-type sum rules. 

This paper is organized as follows. Section[2]summarizes sum rules in vacuum and at finite temper- 
ature. In particular, it illustrates their role in studying chiral symmetry restoration. This is followed by 
Sec.|3]which describes the results for the constructed spectral functions in vacuum and for the vector 
channel at finite temperature. Conclusions are given in Sec. [4] 



2 Sum Rules 

2.1 Vacuum 

Let us consider the current-current correlator in the vector channel, defined as 

Kiq) = -i j d 4 xe^(Tf v (x)f v (Q)). ( 1 ) 

In vacuum, the correlator can be expressed in terms of a single function, the polarization function, 
IJ(q 2 ). The QCD sum rule amounts to the statement that this polarization function can be calculated 
in two different ways: either by a dispersion relation, or through an operator product expansion (OPE) 
for large values of Q 2 = -q 2 > 0. After a so-called Borel transform it reads 

M 2 J s 8tt 2 \ it) M 4 24M 4 n ^' %\M^ 4/ ' 

where (qq) is the quark condensate, ( l -jG 2 v ) the gluon condensate, (Oj) the vector 4-quark condensate 
(explicitly given, e.g., by Eq. (2.19) in Ref. lfT31l ) and py = -\vs\Tlyjn the vector spectral function. 
Typically one assumes that the 4-quark condensate can be factorized such that (Oj) = Ky{qq) 2 , where 
Ky is a parameter accounting for deviations from "factorization". A similar expression can be derived 
for the axial-vector channel B4I51 



-f 

M 2 J Q 



3 j AiO) -,jie 1 /, . <*,\ m q {qq) 1 a, 2 88to J //Mx 



where pA is the axial-vector spectral function including the pion pole. As in the vector channel, the 
axial-vector spectral function is related to the quark and gluon condensates, but a different 4-quark 
condensate (see, e.g., Eq. (2.20) in Ref. 1 15 1 for its explicit form). One may also factorize this operator 
as (Oi) = KAiqq) 2 . In principle, Ky and ka are numerically distinct parameters, however, for the results 
presented here, we have assumed that they take on the same value. Note that the difference between 
the OPE for py and pA in vacuum is entirely given by the 4-quark condensate term. As mentioned 
above, the spectral functions are related to both chirally symmetric and chirally breaking operators. 
Therefore one can not deduce chiral restoration from either one channel separately. 

Let us consider the difference between the vector and axial-vector QCD sum rules. On the left- 
hand-side (LHS), one simply has the difference of the two spectral functions, while on the right-hand- 
side (RHS) everything except the 4-quark condensates cancels. The difference in the spectral functions 
should be well-enough behaved so that the Borel exponential can be Taylor expanded. By equating the 
coefficients of same powers of 1 /M 2 on each side, a new set of sum rules can be constructed, namely 

(WSRl) f ds^-=f 2 , (4) 
Jo s 

/-*OC 

(WSR2) dsAp{s)=ftml = -2m q {qq), (5) 

Jo 

dssAp(s) = -2na s (0 4 ), (6) 

o 
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where Ap = py-pA- The contribution from the pion pole has been moved the RHS, and a new chirally 
breaking 4-quark condensate has been introduced, 

Factorization can also be applied to this 4-quark condensate, (O4) = 16/9i<(qq) 2 with k - 7/18kv + 
11/18ka. The first two equations are the Weinberg sum rules @, with a finite quark-mass correction 
in the second equation 1161171181191 . while the third equation is derived in [8|. Furthermore, a sum 
rule derived in [7 1 is associated with Weinberg-type sum rules though it is not directly derived from 
the QCD sum rules as the others. It reads 

r° a P (s) 1 , , 

(WSRO) ds = -fl(r\) - F A , (8) 

Jo s 1 3 

where (r%) is the mean squared radius of the charged pion and Fa the coupling constant for the radiative 
pion decay. 

This simple derivation illustrates the importance of considering chiral partners. The OPE of the 
QCD sum rule is replaced by only chirally breaking operators. An "arbitrary" collection of hadronic- 
resonance QCD sum rules would not have resulted in such simplifications. The Weinberg-type sum 
rule also show that by knowing the vector and axial-vector spectral functions, one can infer the quark 
condensate along with additional chiral order parameters. 



2.2 Finite Temperature 

The finite-temperature extensions of both QCD and the Weinberg-type sum rules have been considered 
in [ 20 1 and |8|, respectively. We will summarize and highlight some key points. At finite temperature, 
Lorentz symmetry is broken and the polarization function develops two components, usually charac- 
terized by TIj and Fli for the 3D transverse and longitudinal polarizations. Here we will focus on the 
case of vanishing 3-momentum, q = 0, in which IJl = TIj and we can drop the labels. 

At finite temperature, the condensate-values change which the sum rules translate into medium 
modifications of the spectral functions. Obviously, the Weinberg-type sum rules are sensitive to only 
chiral breaking operators, while the QCD sum rules are sensitive to both chirally breaking and chirally 
symmetric. The QCD sum rules are particularly useful when the focus is on a single channel, not the 
relation between different channels. 

It turns out that the construction of the finite-temperature Weinberg sum rules simply amounts to 
replacing the vacuum spectral functions and operators with their values at finite temperature in the 
expressions above [8|. The pion pole in general develops a non-trivial spectral distribution and so its 
contribution is included back into the axial-vector spectral function. One has 



(WSRFT!) I ds^^-=Q, (9) 



f 

Jo 

(WSRFT 2) I dsAp(s) = 0, (10) 
Jo 

dssAp(s) = -2na s (0 4 )T, (H) 



where Ap{s) = pv(s) - p~ A (s)- A derivation from the finite temperature QCD sum rules is also possible. 
These equations show that at chiral restoration where the pion pole and the 4-quark condensate vanish, 
the vector and axial-vector spectral functions should be degenerate. 

For the QCD sum rules, the vacuum spectral function is replaced by the finite temperature spectral 
function, while the OPE becomes more involved. In addition to the scalar condensates, which figure 
in vacuum and develop a temperature dependence, new non-scalar condensates appear. The latter are 
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possible because of the breaking of Lorentz symmetry in medium. They are classified by their dimen- 
sion, spin, and twist, where twist = dimension - spin (scalar operators have twist-0). The resulting sum 
rule reads 

1 f 00 Py(i) _. S/M 2 1 (.,a,\ m q {gg) T 1 a, 2 56na s v 

{ Qd=4,r=2 )T { Qd=6,r=2 )T ^=6,^4^ 

M 4 + M 6 + M 6 

where (O d=4,T=2 )T, {O cl=b ' T=2 )j , and (O ct=6 ' T=4 )T represent the twist-2 and twist-4 operators. A discus- 
sion of the higher-twist operators can be found in 0201211221 . A similar expression can be derived for 
the axial-vector channel. Note that all of the higher-twist operators are chirally symmetric and so are 
identical between the two channels. 

To determine the modifications of the condensates at low temperatures, one may invoke the dilute 
gas approximation which amounts to a generic expression of type 

{0) T - (O) + d x [ d ' k <X(k)|0|X(k)), (13) 
J (2n) 2 2E k 

where (O)o is the vacuum value of a given operator (X(k)|(?|X(k)) is the matrix element of the same 
operator within hadron X, and dx is the degeneracy factor for that hadron. For the vacuum values of 
the operators we follow Ref. [ 14], namely (qq) = (-0.25GeV) 3 , (f G* v > = 0.022GeV 4 , {O v A ) = K{qq) 2 
with k = 2.1. The expansion dT3l also holds for the higher- twist operators with a vanishing vacuum 
value. This reduces the problem to determining the matrix elements {X(\i.)\0\X(\Cf) . To do so, we 
assume that the medium can be described by a hadron resonance gas (HRG) along the lines of |23|. 
All reliably known hadrons with a mass less than 2 GeV [24 1 have been considered. The temperature 
dependence for the quark and 4-quark condensates is augmented around the transition temperature 
beyond the consideration of the HRG such that the quark condensate better fits lattice calculations 
and that the 4-quark condensates vanish at the same temperature as the quark condensate. The results 
are depicted in Fig.Q] Further details concerning the HRG estimate of the higher- twist operators will 
be presented in future work. The temperature dependence of the condensates increases the OPE side 
relative to the vacuum. Via the QCD sum rule, this increase is manifest in the spectral function through 
an increased spectral strength at lower energies. This will be apparent when we discuss the results for 
the finite-temperature vector spectral function below. 




Fig. 1. a) Temperature dependence of quark condensate relative to its vacuum value compared with lattice data 
points |1|. b) Temperature dependence of vector (solid curve) and axial- vector (dot-dashed curve) 4-quark con- 
densates relative to their vacuum values compared with the temperature dependence of the quark condensate 
relative to its vacuum value (dashed curve). 
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3 Spectral Functions and Numerical Evaluation 

Having described the relevant sum rules in vacuum and shown how they are modified at finite temper- 
ature, we are now in position to construct model spectral functions, including experimentally deter- 
mined properties, and test whether their medium modifications satisfy the sum rules. We shall begin in 
the vacuum and construct spectral functions for both the vector and axial-vector channels. The results 
presented here are a summary of those found in fl4l . 

For both channels, the spectral function is constructed from three parts, 

Pv(qo) = pf(qo) + Pv(qo) + p c ° m (qo) (14) 

where py, py and p c ° m correspond to the ground-state resonance, an excited-state resonance and a 
perturbative QCD (pQCD) continuum, respectively. There are three critical features about this ansatz. 
First, for the p(770) contribution to the spectral function, we employ the microscopic model of [25 1, 
which satisfies the low-energy r-decay data well [ 26 1 . It has the added advantage that its medium mod- 
ifications have been computed and successfully applied to experiment [27 28]. This provides a strong 
basis for forthcoming investigations in medium. Second, the continuum contribution for the vector and 
the axial-vector channels is postulated to be identical. This is to be expected at higher energies where 
pQCD can be used to calculate its contribution. We have extended this premise to all energies, and 
chosen a continuous onset with energy, i.e. a discontinuous threshold is not considered. Third, the first 
excited states are postulated (which, in fact, emerges as a consequence of the degenerate continuum). 
The pertinent spectral functions for the p' and a\ are parameterized Breit-Wigner functions (as is the 
fli, as a placeholder for a forthcoming microscopic model). 

The parameters of the model were chosen such that the resulting spectral functions satisfactorily 
agree with the r-decay data and that Weinberg-type sum rules - 2 are satisfied. The comparison of 
the spectral functions with data is illustrated in Fig. [2] We find that by postulating identical pQCD the 
continua between the two channels, one is forced to consider their onset occurring at higher energies 
as compared with previous studies. This is due to the relatively large valley in the axial-vector spectral 
function around 2.2 GeV 2 . The larger continuum onset, in turn, requires the inclusion of the p' so that 
the vector spectral function agrees with the r-decay data, which can be achieved with contributions 
from only the p, p' and a\ (plus continua). However, with this input the Weinberg-type sum rules 
are violated, in a way that the LHS largely exceeds the RHS, the more so the higher the moment. 
This clearly points to a missing "high"-energy strength in the axial-vector spectral function. We are 
therefore led to postulate the presence of an excited axial-vector meson, namely the a' { . There is large 
uncertainty in the r-decay data at higher energies, sufficient enough to fit an excited state within the 
error bars (and/or beyond the data range), as shown in Fig. |2(b)| We deduce a mass of the excited state 
of around 1.8 GeV and a width of around 200 MeV. In Table [Tj we collect the resulting values for the 
Weinberg-type sum rules (a positive sign means that the vector channels contribution is greater). The 
agreement with the three sum rules is much improved after inclusion of the a\ , especially for WSR-0, 
-1 and -2, which we used as criteria to infer the existence of the excited state. 

The constructed spectral functions are subsequently used in the QCD sum rules to determine the 
values of the gluon condensate and the factorization parameters Ky and ka - The vacuum values of these 
quantities are not as well established, especially the factorization parameters. We assume that the two 
k's are numerically the same. By minimizing the average deviation between the two sides of the QCD 
sum rules as described in 029I3OI14L we find k = 2.1+ ^ and <f G^) = 0.022 ± 0.002 GeV 4 . The 
optimized average deviations for vector and axial-vector channels are 0.24% and 0.56%, respectively. 
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-1.28% 


-0% 


-0% 


-96% 



Table 1. Percent disagreement between LHS and the RHS of the Weinberg-type sum rules resulting from our fit. 



The vacuum spectral functions can be used as a basis for investigating medium modifications at 
finite temperature. For the remainder of this section, preliminary results for the finite temperature 
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(a) Vector Spectral Function (b) Axial- Vector Spectral Function 



Fig. 2. Spectral functions for the vector and axial- vector channels compared to experimental data for hadronic 
t decays by the ALEPH collaboration 1 10 1. The different curves highlight the contributions to the total spectral 
function (solid curve) from the ground-state resonance (dotted curve), the excited resonance (dashed curve), and 
the continuum (dot-dashed curve). 



vector spectral function will be presented. The finite-temperature axial-vector spectral function will be 
discussed in future work. 

For the finite-temperature vector spectral function, we will primarily be using the QCD sum rule 
to constrain it. We have argued above that the OPE side will increase with temperature. This implies 
that the medium modification of the spectral function will be such to increase its spectral strength. In 
connection with the Borel transform, this is realized by additional spectral strength at lower energies. 

The ansatz for the finite-temperature spectral function is divided into the same basic three parts 
as the vacuum ansatz: contributions from the ground state, an excited state and from the pQCD con- 
tinuum. As discussed above, for the contribution from the p meson, we use the spectral function of 
1 25 27 1 . For the continuum, we postulate no temperature dependence. This is contrary to previous 
studies which deduced a decrease in the continuum. However, as we will demonstrate, we will still 
recover a spectral function which has the appearance of a moving continuum, even if the continuum 
actually has no temperature dependence. This assumption is also consistent with expectations from 
pQCD. For the p' , the medium modifications are implemented by parameterizing the Breit-Wigner 
spectral function with adjustable mass, width and coupling to the vector current. At each temperature, 
the necessary adjustments to these parameters are made so that the QCD sum rule is satisfied. As in 
the case of the vacuum, we use the average deviation as a measure for the agreement of the QCD sum 
rules. We further insist that parameters are monotonic with temperature; this ensures that un-physical 
parameterizations such as a width narrowing with temperature do not occur. The resulting spectral 
functions at select temperatures are shown in Fig. [3] 

Two striking features of the finite-temperature spectral function are the development of a low- 
energy shoulder to, and the reduction of, the p peak (both pivotal to the description of dilepton data), 
as well as the reduction of the p' peak. The formation of new low-energy strength in the medium 
was to be expected from the QCD sum rules, however, the shoulder actually adds too much strength. 
Therefore the p' must reduce in strength (as shown) to compensate for the extra strength in the p peak. 
The reduction of the p' peak (along with a slight broadening) flattens the higher energy region of the 
spectral function. The resulting flattened spectral function starts to resemble a flat continuum with a 
lower threshold. Therefore the effect which has been previously associated with a moving continuum 
is in this model realized via the dissociation of the p' . That this dissociation occurs prior to that of 
the p is in line with the idea of sequential dissociation of resonances with increasing temperature 
(not unlike heavier quarkonia). Lastly, the flattening of the spectral function may also signal chiral 
restoration. The vacuum axial-vector spectral function has a majority of its strength centered at an 
energy around the valley of the vector spectral function. Thus, one could surmise that the filling of 
the "vector valley" will be accompanied by a reduction of strength in the axial-vector channel so that 
chiral restoration emerges, not unlike the well-known "chiral mixing" in a dilute pion gas [3111]. For 
a HRG this largely remains a speculation until the medium modifications of the axial-vector spectral 
function are determined more explicitly. 
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4 Conclusion 



We have illustrated the role of sum rules in examining chiral symmetry restoration in hot matter. Re- 
sults for the construction of vacuum spectral functions for the vector and axial-vector channels have 
been presented. Based on a quantitative analysis of existing vacuum data, we are led to postulate 
the existence of an excited axial-vector resonance in order to satisfy the Weinberg-type sum rules. 
Preliminary results from in-medium vector spectral functions have also been presented. We have con- 
structed the latter starting from an in-medium p spectral function from microscopic hadronic effec- 
tive field theory which is consistent with SPS dilepton data. The spectral function further includes 
medium modifications of the p' peak as constrained by finite-temperature QCD sum rules, while no 
medium modification to the continuum was considered. We have found the resulting spectral func- 
tions to be consistent with the idea that the medium broadens the states and reduces the strength of 
the resonances, i.e., both p and p' . We have observed indications for a sequential dissociation, and a 
rearrangement of spectral strength toward the energy regions of the axial-vector resonance, suggestive 
of chiral restoration. However, it is important to emphasize that in order to establish chiral restoration, 
either experimentally or theoretically, quantitative knowledge of the spectral functions for both chiral 
partners are required. Therefore, the present study is only a beginning as the medium modifications 
of the axial-vector spectral function remain to be calculated. This work is currently underway. Ideally 
this would also trigger a renewed emphasis to experimentally measure the in-medium axial-vector 
spectral function, even in the dilute phases of nuclear collisions or in elementary production processes 
off ground-state nuclei. 
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